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Abstract
The cosmic microwave background (CMB) carries information from
the last scattering surface that puts constraints on the multitude of
proposed cosmological models and the gravitation theories they are
based on. One class of such theories is f(R) gravity, which has be-
come an interesting endeavour to correct for the degeneracies of the
concordance model.
We presents a description of CMB anisotropies generated by tensor
perturbations in f(R) theories of gravity. The temperature and the
E-mode polarisation power spectra in the special case of f(R) = Rn
are computed using a modified version of CAMB package.
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COBE COsmic Background Explorer
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GR General relativity
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Convention and Notation
Convention
Metric signature: (−,+,+,+)
Speed of light: c = 1
κ: 8piG
c2
= 1
Notation
abc · · · : Spacetime indices ∈ {0, 1, 2, 3}
ijk · · · : Spatial indices ∈ {1, 2, 3}
(ab · · · ): Symmetry over enclosed indices ab · · ·
[ab · · · ]: Anti-symmetry over enclosed indices ab · · ·
〈ab〉: Orthogonal projection of the symmetric trace free part over indices a and b
∂a or ,a : Partial derivative
(≡ ∂∂xa )
∇a or ;a : Covariant derivative with respect to gab
∇¯a: Covariant derivative with respect to the affine connection
∇˜a: Projected covariant derivative on 3-space
ηabcd: Totally anti-symmetric tensor on spacetime
abc: Projected totally anti-symmetric tensor (≡ ηabcdud)
a: Scale factor
t: Cosmic time
η: Conformal time (dη ≡ dta )
τ : Proper time
xa: Position
ua: 4-velocity (≡ dxadτ )
xiii
Convention and Notation
Aa: 4-acceleration
gab: Metric tensor
g: Determinant of the metric tensor
γij : 3-metric tensor
hab: Space projection tensor (≡ gab + uaub)
Uab: Time projection tensor (≡ −uaub)
{cab}: Levi–Civita connection (≡ 12gcd(gad,b + gbd,a − gab,d))
Γcab: Affine connection
T cab : Torsion tensor (≡ 2Γc[ab])
Qabc: Non-metricity tensor (≡ −∇¯agbc)
Rabcd: Riemann tensor constructed from the metric tensor (§2.1)
Rab: Ricci tensor (≡ gcdRcadb)
R: Ricci scalar (≡ gabRab)
Rabcd: Riemann tensor constructed from the affine connection
Rab: ≡ gcdRcadb
R: ≡ gabRab
Cabcd: Weyl Tensor
Eab: Electric Weyl tensor (≡ ucudCacbd)
Hab: Magnetic Weyl tensor (≡ 12 acd ueCbecd)
Lm: Matter Lagrangian
Sm: Matter action
Ψm: Matter field
Tab: Energy-Momentum tensor
(
≡ − 2√−g δLmδgab
)
∆cab: Hypermomentum
(
≡ − 2√−g δLmδΓcab
)
Θ: Expansion parameter (≡ ∇˜aua)
ρ: Energy density
p: Energy (isotropic) pressure
w: Equation of state parameter
(
≡ pρ
)
qa: Energy flux
σab: Shear (≡ ∇˜〈aub〉)
ωab: Vorticity (≡ ∇˜[aub])
ωa: Vorticity vector (≡ abcωbc/2 = curlua/2)
piab: Anisotropic stress
cs: Sound speed
(
c2s ≡ p˙ρ˙
)
G: Newton’s gravitational constant
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1Introduction
The early universe was the play ground of the dynamics that led to the large scale
structure observed today. It naturally follows that understanding the Universe
requires deep digging into its history. To do such a thing, one needs a cosmological
model (thus a theory of gravity) that meets the observations. Currently, the
cosmic microwave background (CMB) is arguably the best constraint on big bang
cosmological models, to which it was the greatest proof. Over the years, the
measurements of the CMB have improved and with them our understanding of
the origin and the evolution of the Universe [1]–[4].
The CMB radiation comes to us from a region in spacetime dubbed the surface
of the last scattering (SLS). Located at redshift z ≈ 1100, it is closely associated
with the time when the temperature of the Universe became low enough to allow
the capture of electrons by hydrogen nuclei in what is known as recombination.
The physical importance of the CMB is in the sense that the duration of recom-
bination is negligible compared to the total age of the Universe. That is to say
that the surface of the last scattering is actually a shell of negligible thickness
∆z ≈ 0.067 of the mean redshift [1, 2]. Before recombination, radiation was
strongly coupled to matter via Thompson scattering. The Universe, therefore,
was very homogeneous. After recombination, the mean free path of the photons
increased significantly as there were hardly any electrons to scatter them. They
have been travelling freely since then while continuously loosing energy due to
the expansion of the Universe. Rarely interacting, the CMB pristinely encodes a
wealth of information about the early universe [4, 5].
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A few authors, e.g. [6], theorised about the CMB as a direct consequence of the
big bang and its temperature. Many experiments were devised in effort to detect
the relic radiation. The actual discovery came rather serendipitously in 1965 by
Penzias and Wilson [7] when their antenna picked up an excess temperature they
could not account for. The meaning of this was immediately recognized by Dicke
et al. (1965) [8] (see [9] for history).
Since then, there have been many more measurements of the temperature
of the CMB (mostly in narrow bands) that were all crowned by the remark-
ably precise measurement of the CMB spectrum by the Far-InfraRed Absolute
Spectrophotometer (FIRAS) instrument on board of the COsmic Background
Explorer (COBE) satellite; making it the most perfect blackbody spectrum ever
observed with temperature amplitude of T0 = 2.725 ± 0.020 K [10]. Although
FIRAS only observed the blackbody peak temperature and spectral distortions
were possible, the deviations from the blackbody spectrum are expected to be
small [11]. It is hence possible to determine other spectral characteristics that
depend only temperature such as the spectral intensity and the corresponding
spectral brightness [12, p. 8].
COBE’s biggest triumph is the detection of the primordial anisotropies in
the CMB, predicted two decades earlier by [13] and [14] to be in the order of
10−5 . ∆T/T . 10−4. The Differential Microwave Radiometer (DMR) on board
confirmed the order of the fluctuations to be 10−5[10]. It turns out that the CMB
is not smooth after all and temperature varies slightly around the monopole
value of T0 = 2.725 K. The concept of CMB anisotropies is crucial because they
represent the primordial fluctuations, the matter local densities, and the physical
processes that resulted in the present structure of the Universe [15, 5].
The CMB blackbody spectrum undergoes further distortions after decoupling
due to other effects such as the Sunyaev-Zel’dovich (SZ), the Ostriker-Vishniac
(OV), the Integrated Sachs-Wolfe (ISW), and gravitational lensing. The reader
is referred to [16] for a review. Throughout this text, the term “anisotropies”
refers to the primordial/primary temperature anisotropies that occurred at the
SLS. Secondary anisotropies are out of the scope of this text.
The information from temperature anisotropies is richly complemented by
another property of the CMB, anisotropy polarisation (See [17] for a good intro-
2
duction). It arises from Thompson scattering accompanied with local quadrupole
anisotropies at the SLS [11]. Linear polarisation of the CMB, characterized by
the Stokes parameters Q and U , can be decomposed into a curl free and a di-
vergence free components called the E-modes and the B-modes respectively, in
analogy with electric and magnetic vectors in electromagnetism (E and B). The
importance of this decomposition lies in the fact that density (scalar) pertur-
bations at the SLS produce only E-mode polarisations while the gravitational
(tensor) perturbations produce both E and B modes in equal magnitudes. De-
tection of the primordial B-mode polarisation would directly imply the existence
of gravitational waves (GW). The E-mode signal contributes about 5µK to the
CMB temperature while the B-mode contribution is theorised to be . 0.2µK [18].
Measuring the B-modes is difficult not only because of their low magnitude but
also because of the foreground contamination due to weak gravitational lensing
that can redistribute some of the power of the E-modes into B-modes even in
the absence of gravitational waves [15, 5].
Temperature, anisotropies, and polarisation are the main measurable attributes
of the CMB. Other areas that can be investigated through the CMB include weak
gravitational lensing, non-linear ISW, neutrino masses, cosmic strings, and pri-
mordial magnetic fields [18]. CMB anisotropies are the main focus of this work.
They will be discussed further below; first in general and later in f(R) theories
of gravity.
Cosmological models have to be predictive in order to be testable provided the
necessary technology exists. Specifically, the theories of gravity they are based
on must be able to explain gravitational phenomena and cosmological dynamics
[19]. Although the latter may as well be classified under the former, it makes a
subtle distinction between astrophysical and cosmological scales. At large scales,
tests of the theory of gravity are actually tests of the cosmological model [20].
In this sense, Einstein’s theory of general relativity (GR) [21, 22] has been very
successful at the level of the solar system. The validity of GR at cosmological
scales is still yet to be confirmed or refuted.
Nowadays, the most widely accepted model of cosmology is ΛCDM, a Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) background supplemented with small per-
turbations and a cosmological constant term [23]. According to ΛCDM, also
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known as the Concordance Model, our Universe is composed mainly of 24% cold
dark matter (CDM), and 72% dark energy (DE) manifesting as the cosmological
constant Λ in the Einstein field equations. The remaining 4% is the familiar
baryonic matter [24, 25].
The idea of a scalar field (Λ) driven acceleration of the expansion of the
Universe is quite uncomfortable because of the completely unknown nature of
dark energy. Under these circumstances, the possibility of the geometrical origin
of the acceleration is an attractive one. Some theories, based on this line of
thought, strive to give rise to cosmologies that evolve naturally towards late
acceleration of the expansion [26].
Departures from ΛCDM present us, in essence, with two trends. The first
is abandoning the cosmological principle assumption, which asserts that we do
not live in a special place nor time (See §2.3). Although isotropy is verifiable,
homogeneity cannot be directly observed with the present means because that
would require simultaneous measurements at a minimum of two other points
in space separated by cosmological distances [23]. Inhomogeneous cosmologies
[27, 28] become the correct theory platforms within this paradigm. The second is
modifying gravity while maintaining a FLRW universe [24]. This is the paradigm
of extended theories of gravity (ETGs).
Most ETGs involve higher order corrections to the Einstein-Hilbert action
in such way that the classical GR may be recovered in the weak field limit.
Higher order geometrical invariants such as Rn, RabR
ab, RabcdR
abcd, RkR ∗, and
minimal/non-minimal coupling terms between scalar fields and the dynamics such
as Rφ2, are considered in the gravitational Lagrangian. The potential of ETGs to
naturally overcome the degeneracies of the concordance model such as inflation
and DE; yet being fully capable of fitting observations makes them promising
theories holding viable models rather than a mathematical curiosity [29].
One subset of ETGs are the f(R) theories of gravity obtained, as the name
suggests, by making the gravitational Lagrangian an arbitrary function of the
Ricci scalar R. It turns out they present a nice middle ground between simplicity
and generality which makes f(R) based cosmologies good models to gain insight
∗The Ricci scalar R, the Ricci tensor Rab, and the Riemann tensor Rabcd are introduced in
the following chapter.
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into modified gravity. These theories will be elaborated on, subsequently, as part
of the way towards establishing a theoretical framework for computing the CMB
tensor anisotropies in f(R) gravity, the main point of this work.
Not only the CMB is a good means to constrain and compare cosmologi-
cal models, the topic is also interesting in its own right, considering the physics
involved and the rich phenomenology of the experimental data. We present a de-
scription of CMB anisotropies generated by tensor perturbations in f(R) theories
of gravity. Then we compute the power spectra of the observables TT and EE
in the special case of f(R) = Rn using a modified version of CAMB package [30].
The outline of this text is as follows: Einstein’s theory of general relativity
and the standard cosmological model are presented in Chapter 2. Then, CMB
perturbations are described in Chapter 3. This is done following the 1+3 covariant
approach summarized therein. Chapter 4 is an overview of f(R) gravity and its
dynamics. Connecting the previous two chapters, CMB anisotropies in f(R)
gravity are established in Chapter 5 together with the special case of f(R) = Rn.
Finally, results of the performed simulations, the CMB power spectra, and the
discussion follow in Chapter 6.
5
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2The Concordance Model
2.1 An Overview of Manifolds
In general, an n-dimensional manifold is a locally Euclidean topological space.
That is to say that the neighbourhood of every point is topologically similar to
an open unit ball in Rn [31]. More precisely, a manifold is any set that can be
continuously parametrised. The number of independent parameters required to
specify any point is the dimension of the manifold and the parameters themselves
are the coordinates of the point [32].
The metric tensor is defined on a manifold as:
gab ≡ ea· eb , (2.1)
where the vectors ea are a local basis of the manifold.
The covariant derivative on the manifold:
Tabc··· ;z = Tabc··· ,z − ΓkazTkbc··· − ΓkbzTakc··· − · · · , (2.2)
obviously requires the affine connection [33]:
Γabc ≡ {abc}+Kabc + Labc , (2.3)
where {abc} is the Levi-Civita connection defined in terms of the metric tensor by:
{abc} ≡
1
2
gad(gbd,c + gcd,b − gbc,d) , (2.4)
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Kabc is the contorsion tensor defined in terms of the metric tensor and the anti-
symmetric parts of the connection as:
Kabc ≡ Γa[bc] − Γd[be]gaegcd − Γd[ce]gaegbd , (2.5)
or in terms of the torsion tensor T cab ≡ 2Γc[ab] [34] as:
K cab ≡
1
2
gcd (Tadb + Tbda − Tabd) , (2.6)
and finally, Labc is defined in terms of the non-metricity tensor, Qabc ≡ ∇agbc, as:
Labc ≡
1
2
(
Qacb −Q abc −Q acb
)
. (2.7)
The GR spacetime is normally taken to be a four dimensional torsionless
manifold that satisfies the metric postulate:
Qabc = 0 . (2.8)
That is to say that both Kabc and L
a
bc vanish and the connection, now symmetric
on the lower indices, reduces to the Levi-Civita connection which is completely
defined by the metric tensor.
The curvature of a region of a manifold is described by the change of the order
of the double covariant differentiation of a vector field:
va;bc − va;cb = Rdabcvd , (2.9)
where
Rdabc ≡ Γdac,b − Γdab,c + ΓeacΓdeb − ΓeabΓdec , (2.10)
is called the Riemann tensor or the curvature tensor. It obeys the following
symmetries:
Rabcd = Rcdab , symmetry over the first and last pair of indices, (2.11)
Rabcd = R[ab][cd] , antisymmetry in the first and last pair of indices, (2.12)
Ra[bcd] = 0 , the cyclic identities, (2.13)
R[ab|cd|;e] = 0 , the Bianchi identities. (2.14)
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The last relation follows from the cyclic identities which in turn have been derived
from the symmetry relations (2.11) and (2.12).
The Ricci identities (Eq. 2.9) and the Bianchi identities (Eq. 2.14) are geo-
metrical results of extreme importance in cosmology. They constitute the starting
point in deriving the propagation equations used in the next chapter †.
Contraction over the first and third indices of the Riemann tensor yields the
Ricci tensor :
Rab ≡ gcdRcadb = Rcacb . (2.15)
Another contraction over the two indices of the Ricci tensor gives the Ricci scalar :
R ≡ gabRab = Raa , (2.16)
defined at every point of the manifold.
It is worth ending this section by stating a relation of great importance in
relativity. From the Bianchi identities (Eq. 2.14), and using the antisymmetry
relation (Eq. 2.12) it follows that:(
Rab − 1
2
gabR
);b
= 0 . (2.17)
The Einstein tensor, Gab ≡ Rab − 12gabR, is therefore divergence free [32].
2.2 Einstein’s Theory of General Relativity
To model the universe, one needs theories that describe the fundamental interac-
tions. On the large scale, the universe is governed by gravity, the most familiar
interaction of them all; yet the least understood. The most successful gravitation
theory is Einstein’s theory of general relativity, which survived many tests at the
level of the solar system [20].
There are many formalisms of GR; reviewed in [35]. The most common ones
are the metric, the Palatini, and the metric affine formalisms.
†see Appendix A.
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2.2.1 The Metric Formalism of GR
The simplest choice for the gravitational Lagrangian is the Einstein-Hilbert in-
vacuo Lagrangian [32]:
LEH = R . (2.18)
The Ricci scalar depends only on the metric tensor and its derivatives of second or-
der at most. Including the cosmological constant Λ, the gravitational Lagrangian
has the form:
LGR = R(gab)− 2Λ . (2.19)
The GR action is therefore:
SGR =
∫
V
LGR
√−g d4x , (2.20)
where g is the determinant of the metric tensor gab.
We consider the total action being the sum of GR and the matter field actions:
Stot = SGR + Sm , (2.21)
where Sm ≡
∫
V
Lm(gab,Ψm)
√−gd4x with Lm(gab,Ψm) is the matter Lagrangian
depending on the metric and the matter field Ψm.
Varying the action over some volume V with respect to the metric leads to
the Einstein field equations (EFE) with a cosmological constant:
Rab − 1
2
gab R + gab Λ = Tab , (2.22)
where Tab = − 2√−g δLmδgab [32, 36]. In the derivation of equations (2.22) from equa-
tions (2.19), the surface term does not vanish by mere boundary fixing of the
metric,
δgab
∣∣∣∣
∂V
= 0 ,
where ∂V denotes the region boundary. Fortunately, this surface term is a to-
tal variation. Thus it can be cancelled out by adding, to the action, a total
divergence; the Gibbons-Hawking-York (GHY) surface term [37, 38].
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2.2.2 The Palatini Formalism of GR
An insightful approach to GR is the Palatini formalism which presumes no de-
pendence between the metric and the connection fields [32]. The Einstein-Hilbert
action depends only on the dynamical fields i.e. the connection:
SPalatini =
∫
V
[R (Γ)− 2Λ]√−gd4x+ Sm(gab,Ψm) , (2.23)
where R (Γ) denotes the Ricci scalar derived from the connection. Variation of
the action (2.23) with respect to the connection yields the metric postulate:
gab;c = 0⇐⇒ gab,c = gbdΓdac + gadΓdbc , (2.24)
which in turn leads, via cyclic permutation of the free indices, to the equivalence of
the general affine and the Levi-Civita connections in GR. Remarkably, the metric
compatibility of the connection derives naturally from the action variation with
respect to the connection without a priori assumption. Variation with respect to
the metric thus gives the EFE (Eq. 2.22) [32, 33].
2.2.3 The Metric-Affine Formalism of GR
The metric-affine gravity is another interesting approach which is in fact a gener-
alization of both the metric and the Palatini formalisms above. Here, the matter
Lagrangian couples not only to the matter field and the metric but also to the con-
nection [33]. The metric compatibility of the latter has not yet been established.
The metric-affine action is:
Sm.affine =
∫
V
[R (Γ)− 2Λ + Lm(gab,Γ,Ψm)]
√−gd4x , (2.25)
which, when varied with respect to the connection gives:
Scab + 2δ
c
[aS
d
b]d + δ
c
[aQb] − δc[aQ¯ dd]b =
gbd√−g
δLm
δΓcad
, (2.26)
with Scab ≡ Γc[ab], Qa ≡ 14Q bab , and Q¯abc ≡ Qabc − Qagbc. The left hand side of
the field equations (2.26) is invariant under projective transformations:
Γabc → Γabc + δabξc , (2.27)
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for an arbitrary vector field ξc. The matter term on the right hand side does
not have to be invariant under these transformations. The non-metricity and
the torsion are therefore required to vanish for equations (2.26) to be consistent.
As well, the metric affine action naturally imposes vanishing torsion and non-
metricity and thus the metric compatibility of the connection. Variation with
respect to the metric then leads to the EFE [39, 40].
2.3 The Cosmological Principle
The cosmological principle states that there is no favoured location in the Uni-
verse. It rises from isotropy and the assumption of homogeneity. The Universe
appears to be isotropic since, on large scales, one starts to see smooth structure in
every direction. In addition, the CMB has the same temperature over the whole
sky to high accuracy; one part in a hundred thousand. Homogeneity, on the other
hand, cannot be directly observed. Verifying isotropy in another point in space
(2 other points in spherical geometries) would prove homogeneity. Assuming The
Copernican principle implies homogeneity [23, 25, 32, 41].
2.4 The Friedmann-Lemaˆıtre-Robertson-Walker
Metric
The EFE (Eq. 2.22) are non-linear second order differential equations. A few
exact solutions have been produced so far [42]. One of them is the work of
Friedmann and Lemaˆıtre based on the EFE [43, 44]. Later, Robertson and Walker
[45, 46] developed a cosmological model by considering the Copernican principle
and making use of symmetries. Their result is a geometrical one and is not
founded on a specific field equation. The derivation is covered exhaustively in
most standard text books. The Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
line element in 4-dimensional spacetime is:
ds2 = −dt2 + a2(t)dΣ2 , (2.28)
12
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where dt2 and dΣ2 are the cosmic time and the spatial intervals [32]. As its name
suggests, the scale factor a(t) is a measure of the length scale of the universe. It is
a function of time and is normalised to a today value of one; i.e. a(t = now) = 1.
In polar coordinates:
dΣ2 =
dr2
1 +Kr2
+ r2
(
dθ2 + sin2θ dφ2
)
,
where K ∈ {−1, 0, 1} represents open, flat, and closed geometries respectively.
It is common to write the FLRW metric in terms of the conformal time interval,
dη ≡ dt
a
, giving:
ds2 = a2(η)
[
−dη2 + dr
2
1 +Kr2
+ r2
(
dθ2 + sin2θ dφ2
)]
. (2.29)
Using the FLRW metric above, an alternate form of the EFE:
Rab = Tab +
1
2
gab R + gab Λ , (2.30)
and the perfect fluid model for the EMT:
Tab = (ρ− p)uaub + pgab , (2.31)
one gets the cosmological field equations; also known as the Friedmann–Lemaˆıtre
equations [32]:
H2 =
1
3
ρ+
1
3
Λ−K , (2.32a)
a¨
a
= −1
6
(ρ+ 3p) +
1
3
Λ , (2.32b)
where the dot denotes differentiation with respect to the cosmic time t and H ≡ a˙
a
is the local Hubble parameter which determines the expansion rate of the distance
between neighbouring points in space.
On the other hand, the energy conservation condition, ∇aTab = 0, for equation
(2.31) leads to the equation of motion (EoM):
ρ˙+ 3H (ρ+ p) = 0 . (2.33)
Only two of equations (2.32a), (2.32b), and (2.33) are independent. The third is
inferred easily.
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To close the system, a relation between the pressure and the density of the
fluid is needed. For barotropic fluids with a linear relation between p and ρ, the
equation of state (EoS) of the fluid plays just this role:
p = ωρ , (2.34)
where ω is called the EoS parameter and is usually assumed to be constant in
time for standard fluids. However, some cosmological models may involve exotic
fluids with ω = ω(t) [32].
Direct solution of equation (2.33) leads to the density evolution equation of
every conserved matter species i:
ρi(t) = ρi,0 [a(t)]
−3(1+ωi) , (2.35)
where ρi,0 is the present day density of species i and the present value of the scale
factor has been normalised to unity.
The following table states the EoS parameter and the density evolution of
some common fluids:
Fluid ω ρ(a)
Dust 0 a−3
Radiation 1
3
a−4
The cosmological constant −1 constant
Finally, we finish this section by introducing a useful quantity. The density
parameter is defined as:
Ωi(t) ≡ ρi(t)
3H2(t)
. (2.36)
Rewriting the Friedmann equation above in terms of the density parameters yields
an important relation in cosmology:
∑
i
Ωi = 1 . (2.37)
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2.5 The Concordance Model
The universe we live in is not as smooth as an FLRW universe would be; but
rather perturbed. ΛCDM, is the best fit model to observations cosmologists have.
To achieve this status, 95% of the content of the universe needs to be dark [33].
Indeed, ΛCDM claims that observable baryonic matter constitutes only 4 to 5%
of the total energy density of the universe. Another 25% is in the form of non-
relativistic dark matter interacting only gravitationally. Dark matter was, for
instance, strongly suggested by rotational curves of disk galaxies [47]. The sur-
prising discovery of the acceleration of the expansion of the universe through
distant type Ia supernovae measurements [48, 49, 50] imposed that the remaining
70% of the energy density in the ΛCDM picture has to be some unknown form of
energy with anti-gravitational properties. This became known as dark energy ‡.
2.6 Beyond the Concordance Model
The concordance model suffers from a few problems (the cusp-core problem [51,
52], the missing satellite problem [53], among others) out of which that of the
cosmological constant is the most severe [33]. The value of the vacuum energy
density, ρΛ, calculated at near the Planck scales is 120 orders of magnitude larger
than the upper bound set by cosmological observations. Proposed mechanisms
(such as super-symmetry theories) to reconcile these results have to be accurate
to within 120 decimal places causing a fine tuning problem. In addition, the
current densities of matter and dark energy are of of the same order of magnitude,
ρΛ,0 ≈ ρm,0. This is the so called coincidence problem [54, 33].
The problems with the ΛCDM model mainly reflect the shortcomings of the
classical theory of general relativity. This created both the need and the oppor-
tunity to investigate more general theories of gravity. The idea is almost as old as
GR itself. Barely a few years after Einstein published his paper on GR [21], there
were already suggestions of modifying the Einstein-Hilbert action by introducing
higher order terms [55, 56]. The first requirement of any gravitation theory is
‡The ΛCDM model is based on a number of assumptions such as CDM and inflation. Dark
energy is inferred by fitting the model to the available data.
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satisfying the uncompromising condition of fitting astrophysical and cosmological
observations. Extended theories of gravity strive to build up on the success of GR
by introducing corrections either through coupling geometry to a scalar field in
which case the result is a scalar-tensor theory of gravity, or by adding higher or-
der curvature invariants to the gravitational Lagrangian; this accordingly yields,
in general, to higher order field equations [19]. So while attempting to explain
the universe at high energy regimes, ETGs should absolutely reduce to GR in the
weak field limit.
16
3The Covariant Approach to
Perturbations in the CMB
3.1 The Observables
For every point in space x, time η, and photon incidence direction e, the pertur-
bations in the temperature field can be written as:
T (x, η, e) = T (η)
[
1 + Θ˜ (x, η, e)
]
, (3.1)
where Θ˜ ≡ δT
T
. It directly follows that T (x, η, e) = T (η) if the Copernican
principle is assumed [36]. Although Θ˜ (x, η, e) characterises T (x, η, e) at every
point in spacetime, it can be observed only locally, i.e. at (x0, η0).
Θ˜ (x0, η0, e) is stochastic and thus not useful per se, since the mean is zero. A
good statistical tool is the correlation function:
C(ϑ) = 〈Θ˜ (x0, η0, e1) Θ˜ (x0, η0, e2)〉 , (3.2)
where ϑ = arccos(e1 · e2) is the relative angle between the photon incidence
directions and the angle brackets denote the average over the whole distribution.
The perturbation in the temperature field can be expanded in terms of spher-
ical harmonics as:
Θ˜ (x0, η0, e) =
∞∑
l=1
l∑
m=−l
alm(x0, η0)Ylm(e) . (3.3)
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Again, the coefficients alm do not provide any predictions due to the randomness
of the temperature fluctuations [4]. The mean of the alm coefficients is zero. On
the other hand, the quantity:
CTTl = 〈aTlm(x0, η0) a∗Tlm(x0, η0)〉 (3.4)
is the angular power spectrum and measures the variance of the temperature
fluctuations at the angular scales corresponding to multipole l, approximately
pi/ϑ [36, 4].
Using the normalisation of the spherical harmonics [57]:∫
Ylm(e)Y
∗
lm(e)dΩ = 1 (3.5)
and equation (3.3), it can be shown that the correlation function in equation (3.2)
can also be expressed in terms of Legendre polynomials as:
C(ϑ) =
∑
l
2l + 1
4pi
ClPl (e1 · e2) . (3.6)
The Cl coefficients then provide a good characterization of the fluctuations in the
CMB on different scales.
So far, we have only considered the correlation function in temperature. Sim-
ilarly, other observables may be obtained by:
CX1X2l = 〈aX1lm (x0, η0) a∗X2lm (x0, η0)〉 , (3.7)
where X1, X2 ∈ {T,E,B} [15, 58]. The scalar E and pseudo-scalar B represent
the E-mode and B-mode polarisations of the CMB that we briefly describe below.
The polarisation of an electromagnetic wave can be described by the Stokes
parameters I, Q, U, and V encoded in the coherence matrix:
C =
1
2
( 〈I +Q〉 〈U − iV 〉
〈U + iV 〉 〈I −Q〉
)
. (3.8)
I is the total intensity of the electric component of the electromagnetic wave. Q
and U respectively represent the horizontal/vertical and the ±45◦ linear polari-
sations of the electric vector E. The last parameter, V , is the left and right hand
circular polarisations of E. The Stokes parameters satisfy the inequality:
I2 ≥ Q2 + U2 + V 2 , (3.9)
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where equality happens if an only if the wave is fully polarised. For the CMB
radiation, the parameter V is expected to vanish as it cannot be generated via
Thompson scattering [59].
Since Q± iU is a spin 2 object, it can be expressed in terms of spin 2 spherical
harmonics:
(Q± iU)(nˆ) =
∑
l≥2,|m|≤l
a±2lm ±2Y ml (nˆ) . (3.10)
The Stokes parameters, unlike the temperature, are not invariant under rotation
transformations; which is inconvenient for computing the CMB power spectra.
This can be overcome by using the spin raising and lowering operators, ′∂ and
′∂ , to obtain spin zero quantities that are rotationally invariant (See [59] for more
details). Applying ′∂ 2 and ′∂ 2 on equation (3.10) gives:
′∂ 2(Q+ iU)(nˆ) =
∑
lm
[
(l + 2)!
(l − 2)!
]1/2
a2,lmYlm(nˆ) , (3.11a)
′∂ 2(Q− iU)(nˆ) =
∑
lm
[
(l + 2)!
(l − 2)!
]1/2
a−2,lmYlm(nˆ) , (3.11b)
allowing one to define two scalar (invariants) quantities:
E(nˆ) ≡ −1
2
[
′∂ 2(Q+ iU) + ′∂ 2(Q− iU)
]
=
∑
lm
[
(l + 2)!
(l − 2)!
]1/2
aE,lmYlm(nˆ) , (3.12a)
B(nˆ) ≡ i
2
[
′∂ 2(Q+ iU)− ′∂ 2(Q− iU)
]
=
∑
lm
[
(l + 2)!
(l − 2)!
]1/2
aB,lmYlm(nˆ) . (3.12b)
where aE,lm and aB,lm are linear combinations of a2,lm and a−2,lm:
aE,lm = − a2,lm + a−2,lm
2
, (3.13)
aB,lm = i
a2,lm − a−2,lm
2
. (3.14)
Parity transformations keep aE,lm unchanged while it changes the sign of aB,lm
[60]. The power spectra involving E and B can be obtained using equation (3.7).
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In cosmology, the cross correlations CTTl , C
EE
l , C
TE
l , and C
BB
l fully charac-
terise the statistics of the CMB perturbations. The cross correlation CTBl and
CEBl are zero due to the negative parity of B [5].
3.2 Scalar-Vector-Tensor Decomposition of the
Perturbation Metric
The scalar-vector-tensor decomposition is based on the fact that any 3-vector can
be expressed as the sum of its rotational and irrotational parts [61, 62]:
vi = v
‖
i + v
⊥
i , (3.15)
such that ∇˜iv⊥i = curl v‖i = 0. The irrotational, or longitudinal, vector can be
written as the gradient of a scalar:
v
‖
i = ∇˜iφv , (3.16)
while the rotational, or transverse, part cannot be obtained from a scalar.
Similarly, a rank two tensor can be decomposed into a doubly longitudinal, a
singly longitudinal, and a doubly transverse tensor [61, 62]:
Sij = S
‖
ij + S
⊥
ij + S
T
ij , (3.17)
such that
∇˜jSij = ∇˜jS‖ij + ∇˜jS⊥ij . (3.18)
The divergence of the doubly transverse component is zero. For a symmetric
and trace free tensor Sij, the doubly longitudinal part can be obtained from the
double gradient of a scalar φS:
S
‖
ij =
(
∇˜i∇˜j − 1
3
hij∇˜2
)
φS , (3.19)
while the singly longitudinal part can be obtained from the gradient of transverse
vector S⊥j :
S⊥ij = 2∇˜(iS⊥j) . (3.20)
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The perturbed metric, in linear perturbation theory, can be regarded as a
(small) symmetric tensor δgab residing on the FLRW metric [36]:
gab = g
FLRW
ab + δgab , (3.21)
so the the perturbed FLRW line element is [61]:
ds2 = a2(η)
[−dη2 + γij dxidxj + ξab dxadxb] , (3.22)
where γij is the 3-metric and ξab ≡ δgaba2(η) has the components:
ξ00 ≡ −2ψ , ξ0i ≡ vi , ξij ≡ 2 (φγij + Sij) , (3.23)
with Sii = 0. The trace of ξij has been absorbed into the scalar φ.
The vector part of ξ0i cannot be obtained from the derivatives of a scalar as
well as the tensor part of ξij cannot be obtained from the derivatives of scalars
and vectors. The scalar modes behave like spin 0 fields under spatial rotations,
the vector modes like spin 1, and the tensor modes like spin 2. In cosmology,
the scalar modes correspond to density perturbations. The vector and tensor
modes do not affect the density and thus are not important to the structure
formation although they do distort the CMB. The vector modes, corresponding
to gravitomagnetism, decay with the expansion of the Universe and, therefore, are
not important to the evolution of perturbations [63]. Finally, the tensor modes
are the source of gravitational radiation. ξij possesses two degrees of freedom
representing the two polarisations ξxx and ξyy, with ξxy = ξyx [61].
3.3 The Covariant and Gauge Invariant Approach
to Perturbations
3.3.1 Gauge Invariance
If a quantity Q is expressed as the corresponding background quantity plus a
small perturbation, i.e.:
Q = Q0 + δQ , (3.24)
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the gauge transformation Q′ of Q along an infinitesimal vector field ξ is written
as:
Q→ Q′ = Q+ £ξQ0 , (3.25)
where the operator £ξ is the Lie derivative defined as:
£ξT
b1...bq
a1...ap
≡ ξc∂cT b1...bqa1...ap −
p∑
i=1
T b1...c...bqa1...ap ∂cξ
bi +
q∑
j=1
T b1...bqa1...c...ap∂aiξ
c , (3.26)
with T
b1...bq
a1...ap being general a rank p+ q tensor. Equations (3.24) and (3.25) imply:
δQ′ = δQ+ £ξQ0 . (3.27)
to first order in perturbations.
It is deduced that only quantities for which:
£ξQ0 = 0 , ∀ξ , (3.28)
are gauge invariant (GI) [36, 64]. This is the Stewart–Walker Lemma [65]. It
means that perturbations to a background quantity are GI if and only if one of
the following conditions holds:
1. Q0 = 0,
2. Q0 is a constant scalar,
3. Q0 is a linear combination of products of Kronecker deltas.
The metric perturbations ξab presented in the previous section is a symmetric
tensor with ten degrees of freedom of which six only are physical [61]. The other
four are gauge dependent. As a matter of fact, the metric approach has the dis-
advantage that the metric tensor, or the perturbations thereof, are not physically
meaningful [66]. A perturbed quantity can be physically interpreted only after a
map between the perturbed universe and the unperturbed background (usually
FLRW) has been specified; i.e. a fixed gauge [64]. Otherwise, the quantity is
arbitrary.
The importance of gauge invariance lies in the fact that observables correspond
to GI quantities at first order in perturbations, regardless of whether they are
22
3.3 The Covariant and Gauge Invariant Approach to Perturbations
GI at higher orders or not [67]. A fully GI theory of linear perturbations was
presented in [68]. However, the GI variables therein do not have straight forward
geometrical interpretation as they are constructed in terms of gauge dependent
variables. This is mainly because the term δQ in equation (3.24) is not a tensor
and its meaning, therefore, depends on the chosen coordinate system [64].
Another approach that is both covariant and GI was suggested by [66] and
developed further in [69, 64]. It is basically based on curvature variables as it is
the second derivatives of the metric tensor that can be observed, rather than the
metric tensor itself.
3.3.2 The 1 + 3 Formalism of the Covariant Approach
The 1+3 formalism provides an insightful approach for dealing with the dynamics
of cosmological models [3]. The following is based on [69] [70] [36, pp 34–35].
3.3.2.1 The Time and Space Projection Tensors
Spacetime is sliced into constant time hyper-surfaces with respect to fundamental
observers with 4-velocity:
ua ≡ dx
a
dτ
, (3.29)
where τ is the proper time along the observers’ world lines. The definition directly
implies that:
uaua = −1 , (3.30)
which means that the velocity vector is time-like. The 4-metric tensor may then
be decomposed into time and rest-space symmetric projection tensors:
gab = −uaub + hab . (3.31)
The tensor Uab ≡ −uaub projects on the parallel to ua. It can directly be verified
that:
Uabu
a = ub, U
a
bU
b
c = U
a
c, U
a
a = 1 . (3.32)
hab is the projection tensor on the constant time hyper-surface. From equations
(3.31) and (3.32), we have:
habu
a = 0, habh
b
c = h
a
c, h
a
a = 3 . (3.33)
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If the velocity vector ua is orthogonal to the constant time hyper-surface, the
space projection tensor hab would also be the metric tensor on the rest-space.
3.3.2.2 Derivatives
The projected, totally antisymmetric tensor on the rest space of a comoving
observer is defined as:
abc ≡ ηabcdud , (3.34)
where ηabcd is the totally antisymmetric tensor on spacetime given by:
ηabcd = η[abcd] and η0123 = (−g)− 12 . (3.35)
In an orthonormal frame, the volume elements abc and ηabcd are alternating quan-
tities [71].
Totally antisymmetric tensors of any rank n satisfy the identity [72]:
a1a2...an b1b2...bn = n! δ
a1
[b1
δa2b2 . . . δ
an
bn]
, (3.36)
where the square brackets denote anti-symmetry over the enclosed indices. Hence
abc satisfies:
abc def = 3!h
[a
d h
b
e δ
c]
f , (3.37a)
abc cef = 2!h
[a
e h
b]
f , (3.37b)
abc bcf = 2!h
a
f , (3.37c)
abc abc = 3! . (3.37d)
The projected covariant derivative, the time derivative, and the generalized
3-dimensional curl of tensors are, respectively, defined as:
∇˜aTb...c... ≡ hdaheb . . . hcf . . .∇dTe...f ... , (3.38)
T˙b...
c... ≡ ua∇aTb...c... , (3.39)
curlTab...c ≡ de(a∇˜dTb...c)e , (3.40)
where the parentheses denote symmetry over the enclosed indices. If Tab...c is a
projected symmetric trace free (PSTF) tensor, curlTab...c is also PSTF [3].
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3.3.2.3 Kinematics
The kinematics of the fluid are obtained from the decomposition of the covariant
derivative of the 4-velocity. A first decomposition into spatial and temporal
components:
ua;b = ∇˜bua − ubAa , (3.41)
introduces
Aa ≡ u˙a , (3.42)
the acceleration along the flow lines. The spatial part ∇˜bua is further decomposed
into its trace, symmetric trace free, and antisymmetric parts:
∇˜bua = 1
3
h(ab)∇˜cuc + ∇˜〈bua〉 + ∇˜[bua] , (3.43)
where the angle brackets denote the orthogonal projection of the symmetric trace
free part of a tensor and defined as:
X〈ab〉 ≡
[
h(a
c hb)
d − 1
3
hab h
cd
]
Xcd . (3.44)
The first two terms in the RHS of equation (3.43) constitute the expansion
tensor which describes the change of the distance between neighbouring particles
in a fluid. The isotropic expansion is determined by the volume expansion scalar:
Θ ≡ ∇˜aua = 3H . (3.45)
while the anisotropic expansion:
σab = σ(ab) ≡ ∇˜〈aub〉 (3.46)
is the shear and it describes volume conserving distortions to the fluid.
Finally, the last term in equation (3.43):
ωab = ω[ab] ≡ ∇˜[aub] , (3.47)
is the vorticity tensor which describes rigid rotation in the fluid with respect to
a local inertial frame [71].
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Rewriting equation (3.41):
ua;b =
1
3
Θhab + σab + ωab − Aaub , (3.48)
neatly presents the irreducible decomposition of the covariant derivative of the
4-velocity vector in terms of the expansion scalar, the shear, the vorticity, and
the acceleration.
Another useful kinematic quantity is the projected vorticity vector, defined
from the vorticity tensor by:
ωa ≡ 1
2
abcω
bc =
1
2
curlua . (3.49)
Deriving directly from equations (3.42), (3.45), (3.46), (3.47), and (3.49), we
have:
uaAa = 0 , (3.50)
uaσab = 0, h
abσab = σ
a
a = 0 , (3.51)
uaωab = 0, h
abωab = ω
a
a = 0 , ω
aωab = 0 , (3.52)
which means that the acceleration is a rest space vector and that the shear and
vorticity are PSTF.
Aa, σab, and ωa characterise anisotropy. while the projected gradient of the
expansion scalar, ∇˜aΘ, characterises inhomogeneity in the expansion. Naturally,
all these quantities vanish in an exact FLRW universe [3].
3.3.2.4 Curvature Tensors
The tidal forces felt by a body moving along a geodesic are described by the
Riemann curvature tensor defined in §2.1. Rabcd may be decomposed into its
trace and trace-free parts [71]:
Rab
cd = 2g[a
[cRb]
d] − R
3
g[a
[c gb]
d] + Cab
cd , (3.53)
where Cabcd is the Weyl tensor and describes the distortions due to tidal forces
but does not carry any information about the change in the volume. In vacuum, it
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is the only contribution to the Riemann tensor. Cabcd can be decomposed further
into a curl-free and a divergence-free PSTF tensors:
Eab ≡ ucudCacbd , (3.54)
Hab ≡ 1
2
acd u
eCbe
cd , (3.55)
which are called the electric and magnetic Weyl tensors, in analogy with the curl-
free electric field and divergence-free magnetic field in electromagnetism. Eab is
analogous to the traceless tidal tensor defined from the gravitational potential Φ
in Newtonian gravity [71]:
ENewtonianab ≡ ∂a∂bΦ−
1
3
hab∂
c∂cΦ .
Hab, on the other hand, has no Newtonian counterpart thus it is essential for a
full description of gravitational waves [73].
The Weyl tensor can be fully reconstructed from the electric and magnetic
Weyl tensors via:
Cabcd = (ηabpqηcdrs + gabpqgcdrs)u
purEqs−(ηabpqgcdrs + gabpqηcdrs)upurHqs . (3.56)
where
gabcd ≡ gacgbd − gadgbc = g[ab][cd] = gcdab = −1
2
η efab ηefcd ,
with ga[bcd] = 0 [74].
3.3.2.5 The Energy-Momentum Tensor
Consider the most general construction of the energy momentum tensor (EMT):
T totab = ρuaub + phab + 2q(aub) + piab , (3.57)
where qa and piab are the total energy flux and the total anisotropic stress respec-
tively [26]. The following constraints apply:
qau
a = 0, piabu
b = 0, piaa = 0, piab = pi(ab) . (3.58)
27
3. The Covariant Approach to Perturbations in the CMB
The individual components of the EMT can be extracted through the opera-
tions:
ρ = T totab u
aub , (3.59a)
p =
1
3
T totab h
ab , (3.59b)
qa = −T totcd uchda , (3.59c)
piab = T
tot
〈ab〉 . (3.59d)
3.4 The Evolution of Perturbations in the CMB
3.4.1 The Propagation Equations
The evolution of perturbations along the flow lines are described by the prop-
agation equations stated in [26, 75]. Here, we require only the linearised form
obtained by considering only up to first order departures from FLRW [3]. This is
done by treating the density (ρ), the pressure (p), and the expansion scalar (Θ)
as zeroth order quantities and the acceleration (Aa), the shear (σab), the vorticity
(ωab), the anisotropic stress (piab), the energy flux (qa) and the electric and mag-
netic Weyl tensors (Eab and Hab), together with their derivatives, as first order
quantities. Then, all the relatively higher order terms are neglected [69].
There are seven propagation equations. In the linearised form, they read:
ρ˙ = − (ρ+ p) Θ− ∇˜aqa , (3.60)
Θ˙ = −1
3
Θ2 − 1
2
(ρ+ 3p) + ∇˜aAa , (3.61)
q˙a = −4
3
Θqa − (ρ+ p)Aa − ∇˜ap− ∇˜bpiab , (3.62)
ω˙a = −2
3
Θωa +
1
2
curlAa , (3.63)
σ˙ab = −2
3
Θσab − Eab − 1
2
piab + ∇˜〈aAb〉 , (3.64)
E˙ab = −ΘEab + curlHab − 1
2
[
(ρ+ p)σab + ∇˜〈aqb〉 + p˙iab + 1
3
Θpiab
]
,(3.65)
H˙ab = −ΘHab − curlEab − 1
2
curl piab , (3.66)
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constrained by the following equations:
∇˜aωa = 0 , (3.67)
∇˜aσab + curlωb − 2
3
∇˜bΘ + qb = 0 , (3.68)
∇˜aEab + 1
3
Θqb − 1
3
∇˜bρ+ 1
2
∇˜apiab = 0 , (3.69)
∇˜aHab + (ρ+ p)ωb + 1
2
curl qb = 0 , (3.70)
Hab − curlσab + ∇˜〈aωb〉 = 0 . (3.71)
The constraints in equations (3.67)–(3.71) are consistent with the linearised
propagation equations (3.60–3.66) [3, 64]. This can be verified by taking the
time derivative of a constraint equation. Using the necessary commutation rela-
tions and the propagation equations, one should get the same constraint equation
making it valid on all constant time hyper-surfaces.
Perturbations in the 1 + 3 split can be decomposed into scalar, vector, and
tensor modes which evolve independently of each other [61]. Pure tensor pertur-
bations are obtained by “turning off” the scalar and vector modes. This implies
that the divergence of the electric and magnetic Weyl tensors together with the
vorticity and other projected vectors vanish:
∇˜bEab = 0 , (3.72)
∇˜bHab = 0 , (3.73)
Aa = 0 , ωa = 0 , qa = 0 , ∇˜bρ = 0 , ∇˜bΘ = 0 . (3.74)
up to first order [73]
Equations (3.72) and (3.73) state that the electric and magnetic Weyl tensors
are transverse. Indeed, the linearised gravitational waves are described by degrees
of freedom of Eab and Hab [3]. It is straightforward to verify from equations (3.68)
and (3.69) that the shear and the anisotropic stress are also divergence free:
∇˜bσab = 0 , (3.75)
∇˜bpiab = 0 , (3.76)
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and that the only constraint that survives is equation (3.71). It becomes:
Hab = curl σab . (3.77)
The propagation equations (3.60)–(3.66) reduce to:
ρ˙ = −Θ (ρ+ p) , (3.78)
Θ˙ = −1
3
Θ2 − 1
2
(ρ+ 3p) , (3.79)
σ˙ab = −2
3
Θσab − Eab + 1
2
piab , (3.80)
E˙ab = −Eab Θ + curlHab − 1
2
(ρ+ p) σab − 1
6
Θpiab − 1
2
p˙iab , (3.81)
H˙ab = −Hab Θ− curlEab + 1
2
curl piab . (3.82)
Equations (3.77) and (3.80) determine the magnetic and electric Weyl tensors,
respectively, from the shear. We now have a closed system of equations describing
the evolution of the gravitational waves.
3.4.2 Gravitational Waves
Upon the differentiation of equations (3.80)–(3.82) with respect to the cosmic
time, using the energy conservation equation (Eq. 3.78), the Raychaudhuri equa-
tion (Eq. 3.79), and the commutator identities [3, 76, 77]:
curl X˙ab = ( curlXab)˙ +
1
3
Θ curlXab , (3.83)
curl curlSab = ∇˜2Sab − 3
2
∇˜〈a∇˜cSb〉c , (3.84)
one arrives to gravitational wave equations for the shear, the electric and magnetic
Weyl tensors in flat models:
σ¨ab − ∇˜2σab + 5
3
Θ σ˙ab +
(
1
2
ρ− 3
2
p
)
σab = p˙iab +
2
3
Θpiab , (3.85)
E¨ab − ∇˜2Eab + 7
3
Θ E˙ab +
2
3
(ρ− p)Eab − 1
6
Θ (ρ+ p)
(
1 + 3 c2s
)
σab
= −
[
1
2
p¨iab − 1
2
∇˜2piab + 5
6
Θ p˙iab +
2
3
ρ piab
]
, (3.86)
H¨ab − ∇˜2Hab + 7
3
Θ H˙ab + 2 (ρ− p) Hab = curl p˙iab + 2
3
Θ curl piab , (3.87)
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where c2s = p˙/ρ˙ and ∇˜2 ≡ ∇˜a∇˜a.
It can be seen from equations (3.86) and (3.87) that the electric and magnetic
Weyl tensors play an important role in the propagation of gravitational waves.
The curl terms in the corresponding propagation equations give rise to the wave
behaviour just like they do in electromagnetism [73]. equation (3.86) is not closed
due to the shear term hence the necessity of deriving the shear wave equation
(Eq. 3.85) as well. Moreover, it is more convenient solving for the shear then
getting Hab via (3.77) rather than starting from equation (3.87).
3.4.3 Mode Expansion in Tensor Harmonics
Spatial harmonics are eigenfunctions of the Laplace-Beltrami operator:
∇˜2Q = −k
2
a2
Q , (3.88)
and are, by construction, covariantly constant:
Q˙ = 0 . (3.89)
k = 2pia
λ
is the wave number and Q represents scalar
(
Q(0)
)
, vector
(
Q
(1)
a
)
, or
tensor
(
Q
(2)
ab
)
harmonics [64, 78].
Because different modes are independent, first order quantities X(t, x) can be
decomposed to or reconstructed from its harmonics via:
X(t, x) =
∑
k
X(k)(t)Q(k)(x) , (3.90)
assuming that the quantity X is factorisable into purely temporal and spatial
components [79].
That said, transverse PSTF quantities such as Eab, Hab, σab, and piab can be
expanded in terms of electric and magnetic parity tensor harmonics; Qab and Q¯ab
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respectively:
Eab =
∑
k
(
k
a
)2 [
EkQ
(k)
ab + E¯kQ¯
(k)
ab
]
, (3.91a)
Hab =
∑
k
(
k
a
)2 [
HkQ
(k)
ab + H¯kQ¯
(k)
ab
]
, (3.91b)
σab =
∑
k
k
a
[
σkQ
(k)
ab + σ¯kQ¯
(k)
ab
]
, (3.91c)
piab = ρ
∑
k
[
pikQ
(k)
ab + p¯ikQ¯
(k)
ab
]
, (3.91d)
where k denotes distinct harmonic modes. Tensor harmonic expansion conve-
niently converts the propagation equations into ordinary differential equations
and the constraint equations into algebraic relations. We have adopted the same
expansion as [3, 80].
The electric and magnetic parity tensor harmonics are related via:
curlQ
(k)
ab =
k
a
Q¯
(k)
ab , (3.92a)
curl Q¯
(k)
ab =
k
a
Q
(k)
ab . (3.92b)
Substituting into equation (3.77) gives:
Hk = σ¯k , (3.93a)
H¯k = σk . (3.93b)
Expanding the shear wave equation (Eq. 3.85) into tensor harmonics using
equation (3.91c) and keeping in mind equation (3.88), and the Friedmann equa-
tions (2.32), we get:
σ¨k + Θσ˙k +
[
k2
a2
− 1
3
(ρ+ 3p)
]
σk =
a
k
[
ρp˙ik − 1
3
(ρ+ 3p) Θpik
]
. (3.94)
This equation is similar in form to the one in [3], up to a minus sign due to
the use of opposite metric tensor signatures. It is of great importance since
any solution for the shear would yield the magnetic and electric Weyl tensors
according to equations (3.77) and (3.80). It is worth mentioning again that Eab
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and Hab, together with the Ricci tensor provide a full description of the curvature
of spacetime as stated by equation (3.53).
The wave equation for the shear (Eq. 3.94) is general for flat FLRW regardless
of the fluid. We will see in the next chapter that in the case of f(R) gravity, the
density and the pressure terms in the left hand side and the anisotropic stress term
in the right hand side of equation (3.94) can be extended to include modifications
of gravity via their contribution to the energy momentum tensor.
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4f (R) Theories
4.1 Overview of f (R) Gravity
f(R) theories of gravity, formally proposed in [81], are a class of ETGs that
represents one of the simplest modifications to GR. They arise from replacing
the Ricci scalar R in the Einstein-Hilbert Lagrangian with a more general and
arbitrary function f(R) [82, 83]. While different formalisms of the theory of
general relativity lead to the same field equations due to the linearity of the
Lagrangian in R, one would not expect the same for higher order theories of
gravity [29]. Indeed, there are three flavours of f(R) gravity. These are the
metric, Palatini, and metric affine formalisms concisely presented below. For a
more extensive description, the reader is referred to [84].
4.1.1 The Metric Formalism
Variation with respect to the metric of the f(R) action:
Smetric =
∫
V
[f(R) + Lm(gab,Ψm)]
√−g d4x , (4.1)
leads to fourth order (partial differential) gravitational field equations §:
Rab − 1
2
gab R =
1
fR
Tab + T
R
ab , (4.2)
§See Appendix B.
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where fR ≡ dfdR and:
TRab ≡
1
fR
[
1
2
gab f + (∇a∇b − gab) fR − 1
2
fR gab R
]
. (4.3)
The surface term that appears from the action (Eq. 4.1) is not a total variation
as it is the case for GR and therefore cannot be “healed” by adding a total
divergence such as the GHY surface term. Since the action contains higher order
derivatives of the metric, the problem can be overcome by fixing more degrees of
freedom on the boundary [82]. It can easily be verified that the field equations
(4.2) reduces to the EFE for f(R) = R.
4.1.2 The Palatini Formalism
As it is the case for GR, the Palatini formalism of f(R) gravity considers the
connection as an additional structure (on the manifold) independent of the metric.
The f(R) Palatini action takes the form:
SPalatini =
∫
V
[f(R) + Lm(gab,Ψm)]
√−gd4x , (4.4)
where, again, R is the Ricci scalar defined in terms of the connection. Variation
of the previous action with respect to the connection leads to:
∇¯c
(√−ggabfR) = 0 , (4.5)
where fR ≡ dfdR . The bar over the del operator denotes the covariant derivative
defined only in terms of the connection. On the other hand, variation with respect
to the metric gives the field equations:
fRRab − 1
2
f(R)gab = Tab . (4.6)
For f(R) = R, Eq. (4.5) imposes the metric postulate (2.8) and that the
Christoffel symbol is indeed the Levi-Civita connection. Then Eq. (4.6) becomes
the EFE [29, 33].
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4.1.3 The Metric Affine Formalism
For the metric affine action,
Sm.affine =
∫
V
[f(R) + Lm(gab,Γ,Ψm)]
√−gd4x , (4.7)
and like GR, the field equations are prone to inconsistencies arising from the fact
that matter fields are not, generally, invariant under projective transformations
(2.27) while the Ricci scalar is invariant. This is dealt with by adding a Lagrange
multiplier to the action [40, 33]:
SLM =
∫
V
√−gBaSad4x , (4.8)
where Sa = Sba
b. Varying the total action with respect to the Lagrange multiplier
Bb, the metric, and the connection, respectively, leads to the field equations:
Sba
a = 0 , (4.9)
fRRab − 1
2
f(R)gab = Tab , (4.10)
δbc
(√−gfRgad);d − (√−gfRgab);c + 2√−gfRgadΓb[dc] = √−g (∆ abc −B[b δa]c) ,
(4.11)
where ∆ abc ≡ −2√−g δLmδΓcab is called the hypermomentum [39]. Taking the trace of
the last equation and using Eq. (4.9), the Lagrange multiplier turns out to be:
Bb =
2
3
∆ dbd .
Thus the field equations (4.11) become:
δbc
(√−gfRgad);d−(√−gfRgab);c+2√−gfRgadΓb[dc] = √−g(∆ abc − 23∆ d[bd δa]c
)
.
(4.12)
The metric affine formalism is more general than the metric and Palatini ones
and reduces to these if further assumptions about the matter Lagrangian density
and the connection are made. But it is also more complicated and has not been
investigated as much.
In this work, we are interested in cosmological perturbations in metric f(R)
theories of gravity. For the remainder of this text, plain f(R) refers to metric
f(R) as presented in 4.1.1.
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4.2 The Dynamics of Metric f (R) Cosmologies
The field equations (4.2) are written in such a way to keep the traditional Einstein
tensor in the left hand side. The first term in the right hand side is the classical
EMT divided by the first derivative of f(R) and thus may be interpreted as the
effective contribution of standard matter in the new geometry. The second term
is fully geometrical and will be referred, hereafter, as the curvature fluid. This
multi-fluid decomposition is useful in the sense that the covariant approach can
be applied the usual way once the thermodynamics of the fluids are determined
[26].
Applying the operations in equations (3.59) to the total EMT on the right
hand side of Eq. (4.2), We get:
ρ =
ρm
fR
+ ρR , (4.13a)
p =
pm
fR
+ pR , (4.13b)
qa =
qma
fR
+ qRa , (4.13c)
piab =
pimab
fR
+ piRab , (4.13d)
where the superscript “R” indicates the contribution of the curvature fluid to
different components of the EMT. The linearised components of the curvature
fluid are found to be [26]:
ρR =
1
fR
[
1
2
(RfR − f)−ΘfRRR˙ + fRR∇˜2R
]
, (4.14a)
pR =
1
fR
[
1
2
(f −RfR) + fRRR¨ + fRRRR˙2 + 2
3
ΘfRRR˙− 2
3
fRR∇˜2R
]
, (4.14b)
qRa =
1
fR
[
−fRRRR˙∇˜aR− fRR∇˜aR˙ + 1
3
fRR∇˜aR
]
, (4.14c)
piRab =
1
fR
[
fRR∇˜〈a∇˜b〉R− fRR σabR˙
]
, (4.14d)
all vanishing in GR.
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4.3 The Cosmological Field Equations in f (R)
Gravity
The generalised Friedmann equations in f(R), maintain the same form as in
equations (2.32). But the components of the EMT now have curvature fluid
terms. Separating these from the standard matter [85], they read:
1
2
f − 3fR a¨
a
+ 3
a˙
a
R˙fRR = ρm , (4.15a)
1
2
f − fR(H˙ + 3H2) + 1
a
d
dt
(
a2R˙fRR
)
= −pm , (4.15b)
for flat FLRW with vanishing cosmological constant.
The Background Evolution in Rn Gravity
We extend the discussion to the case of f(R) = Rn which we will later consider
in the numerical simulations. Eq. (4.15a) becomes:
1
2
Rn − 3na¨
a
Rn−1 + 3n(n− 1) a˙
a
R˙Rn−2 = ρm = ρdust + ργ , (4.16)
where we have assumed that the standard matter is composed only of dust and
radiation.
In addition, the Ricci scalar in FLRW is related to the scale factor via:
R = 6
[(
a˙
a
)2
+
a¨
a
]
(4.17)
[19]. Substituting for R in equation (4.16) and using the density evolution equa-
tion (2.35) for individual conserved energy species, we get the equation for the
evolution of the scale factor in Rn gravity:[
6
((
a˙
a
)2
+
a¨
a
)]n−2 [
n(1− n) (a2a˙...a )+ (2n2 − 2n− 1)a˙4 + (n− 1)a2a¨2
+(2n− 2− n2)aa˙2a¨] = − 1
18
[ργ,0 + ρdust,0a] , (4.18)
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or in conformal time:(
6
a′′
a3
)n [
(1− n) + (a
′)2
aa′′
(4n− 3n2) + n(n− 1) a
′a′′′
(a′′)2
]
= 2ρm . (4.19)
Both equations (4.18) and (4.19) reduce to the velocity Friedmann equation (Eq.
2.32a) for n = 1.
The non trivial solution of Eq. (4.19) requires R 6= 0 (non-empty universe).
Then taking non GR solutions (n 6= 1), the last equation becomes, with further
simplification:
a′′′+
(
4− 3n
n− 1
)
a′a′′
a
+
1
n
(a′′)2
a′
−
(
1
18n(n− 1)
)
a2
a′
(
a3
6a′′
)n−2
(ργ,0 +ρdust,0a) = 0 .
(4.20)
Numerical solution of Eq. (4.19) would provide values a(η) describing the evolu-
tion of the scale factor with respect to the conformal time η.
4.4 Viability of f (R) Gravity
4.4.1 Viability Conditions of f(R) Gravity
f(R) theories are required to satisfy some conditions in order to be consistent
with existing data. [86] lists the following constraints for cosmic acceleration
f(R) models.
1. fRR > 0 for R  fRR must be satisfied in order to have a stable high
curvature regime, such as the matter dominated era, in the cosmological
evolution.
2. fR > 0 has to be true for the effective Newtons constant, Geff = G/fR, to
be positive at all times. This can be seen from the field equations (4.2).
Violation of this condition results in the universe quickly becoming inho-
mogeneous and anisotropic.
3. fR ≤ 1, together with the two previous conditions, constrain fR to be
monotonically increasing, approaching 1, as R → ∞. This GR behaviour
at early times is dictated by the big bang nucleo-synthesis and the CMB
data.
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4. |fR − 1|  1 to have late time acceleration and satisfy local gravitational
constraints.
These constraints take a form slightly different of those in [86] as the gravitational
Lagrangian therein is R + f(R).
4.4.2 Some Viable f(R) Models
Here are presented some viable f(R) models from the literature.
4.4.2.1 f(R) = 1
2
(
R−m2 c1(R/m2)n
c2(R/m2)n+1
)
[87] presented an f(R) model in which the universe accelerates without resorting
to a cosmological constant. The action takes the form
S =
∫
V
[
R + F (R)
2
]√−g d4x+ Sm , (4.21)
where F (R) has to be chosen in such a way that the model mimics ΛCDM at
high redshifts, that is, to be in agreement with the CMB data. This is imposed
by:
lim
R→∞
F (R) = constant , (4.22)
which ensures standard GR behaviour at high curvature regimes. In addition,
the model should be consistent with local gravitational tests:
lim
R→0
F (R) = 0 . (4.23)
The above conditions can be satisfied, according to [87], by a general class of
broken power law f(R) models:
F (R) = −m2 c1(R/m
2)n
c2(R/m2)n + 1
, (4.24)
with n > 0 and m2 ≡ ρ0/3. c1 and c2 are dimensionless parameters. The sign
of F (R) is chosen so that its second derivative is positive in compatibility with
the first of the viability conditions presented in subsection 4.4.1; which makes the
model stable at high curvature: R m2.
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Although no cosmological constant was explicitly introduced in this model,
the expansion of the right hand side of equation (4.24) at high curvature regimes:
lim
m2
R
→0
F (R) ≈ −c1
c2
m2 +
c1
c2
m2
(
m2
R
)n
, (4.25)
shows that F (R) is the cosmological constant in the limiting case of c1/c
2
2 → 0 for
fixed c1/c2. On the other hand, a finite c1/c
2
2 prevents the curvature from declining
all the way with the matter density. These models encompass an accelerating
universe, similarly to ΛCDM.
4.4.2.2 f(R) = R + λR0
[(
1 + R
2
R20
)−n
− 1
]
Consider the Lagrangian proposed by [88]:
f(R) = R + λR0
[(
1 +
R2
R20
)−n
− 1
]
, (4.26)
with n and λ strictly positive and R0 is of order comparable to the cosmological
constant.
Flat and empty spacetime (R = 0 and Tab = 0) admits Rab = 0 as a solution to
the FE (4.2) but is unstable since fRR ≤ 0. In high curvature regimes (R >> R0),
equation (4.26) becomes:
f(R) = R− λR0 , (4.27)
where λR0 may be regarded as the equivalent of twice the cosmological constant
at high curvatures.
The de Sitter solutions for the parameter λ are of the form:
λ =
x1(1 + x
2
1)
n+1
2 ((1 + x21)
n+1 − 1− (n+ 1)x21)
, (4.28)
with x1 = R/R0 = const > 0. It is easy to see from equation (4.28) that x1 < 2λ.
The effective cosmological constant at R/R0 is one quarter of the Ricci scalar, i.e.
Λ = R/4. Asymptotically, x1 → 2λ and the evolution exhibits ΛCDM behaviour.
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4.5 Reconstruction of f (R) Models
4.5.1 f(R) Models Mimicking ΛCDM
Reconstruction of an f(R) theory that admits a ΛCDM model may be done, as
presented in [89, 90], by starting from the observation supported relation for the
Hubble parameter:
H(z) =
√
ρ0
3
(1 + z)3 +
Λ
3
. (4.29)
The first and second time derivatives of the scale factor are then:
a˙ =
√
ρ0
3a
+
Λ
3
, (4.30)
a¨ =
2Λa3 − ρ0
6a2
=
1
2
da˙2
da
. (4.31)
Substituting for a˙ and a¨ in equation (4.17), R(a) and equivalently a(R) are ob-
tained:
R(a) =
4Λa3 + ρ0
a3
⇐⇒ a(R) =
(
ρ0
R− 4Λ
)(1/3)
. (4.32)
Combining the above equations and plugging in the f(R) Friedmann equation
(4.15a) in the presence of a positive cosmological constant, one gets the equation:
− 3(R− 3Λ)(R− 4Λ)fRR +
(
R
2
− 3Λ
)
fR +
1
2
f − ρ(R) = 0 , (4.33)
admitting an f(R) solution in the form:
f(x) = C1F
(
[α+, α−],−1
2
;x
)
+ C2x
3
2F
(
[β+, β−],
5
2
;x
)
, (4.34)
where F is the hypergeometric function of variable x ≡ −3+R/Λ with parameters
α± = (−7±
√
73)/12, β± = (−11±
√
73)/12, and arbitrary integration constants
C1 and C1.
Keeping in mind that the scale factor in equations (4.32) is positive, F can
either be complex or divergent. To ensure a real valued function f(R) demands
that the integration constants vanish. Therefore, there exists no real f(R) func-
tion that mimics ΛCDM.
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4.5.2 f(R) Models Mimicking a GR Universe Containing
a Single Perfect Fluid
Here, we shall only present some examples of reconstructions of f(R) models that
emulate the evolution of a GR universe containing a perfect fluid with a known
equation of state. For a more general study, the reader is referred to [85, 90].
Dust
In a dust filled universe with a cosmological constant, it follows from equations
(4.32) and (2.35), for ω = 0, that:
ρm(R) = R− 4Λ . (4.35)
Substituting into (4.33), one gets the GR Lagrangian in the presence of a cosmo-
logical constant (Eq 2.19). If, however, the cosmological constant is set to zero,
the general solution is of the form:
f(R) = R + C1R
α+ + C2R
α− , (4.36)
proving that there exists some real valued functions f(R) able to mimic a dust
filled universe [90]
A Fluid with ω = −1
3
Similarly for ω = −1/3, equations (4.32) and (2.35) imply:
ργ(R) = [ργ,0(R− 4Λ)]2/3 . (4.37)
Substituting into (4.33) yields:
f(R) = µ(R− 4Λ)2/3 , (4.38)
where µ is a constant that depends on ργ,0.
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Gravity
5.1 Motivation
As it was seen before, perturbations may be decomposed into independently evolv-
ing scalar, vector, and tensor modes. Vector perturbations decay in an expending
universe and hence are not important in the evolution of the total perturbations.
Tensor and scalar perturbations in GR were presented in [30]. Scalar pertur-
bations in f(R) gravity were studied in [91, 92]. In this work, we extend the
previous work done on CMB tensor anisotropies in general relativity [30] to the
case of f(R) gravity.
5.2 Evolution
For pure tensor modes, equation (4.14d) reduces to a crucial equation, for this
work, that relates the tensor part of the curvature anisotropy and the shear:
piRab = −
fRR
fR
σabR˙ . (5.1)
Decomposed into tensor harmonics, it becomes:
piRk = −
k
a
1
ρ
fRR
fR
R˙ σk , (5.2)
providing the missing piece for the numerical solution of equation (3.94).
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5.3 Initial Conditions
In the radiation dominated era: pim = piγ. Using equations (4.13d) and (4.14d),
equation (3.94) becomes, to first order:
σ¨k + Aσ˙k +Bσk =
a
k
ρ
fR
[
p˙iγk −
(
H + 3Hω +
fRR
fR
)
piγk
]
, (5.3)
with
A = 3H +
fRR
fR
R˙ , (5.4)
and
B =
k2
a2
+ 2
a¨
a
+ R˙2
[
fRRR
fR
−
(
fRR
fR
)2]
+
fRR
fR
R¨ +H
fRR
fR
R˙ . (5.5)
However, the early universe was sufficiently homogeneous and isotropic that
the radiation anisotropic stress, piγ, may be safely neglected [3, 80]. Changing to
conformal time, Eq. (5.3) becomes:
σ′′k + (aA−H)σ′k + a2Bσk = 0 , (5.6)
where H ≡ a′
a
= aH. Making the variable change:
uk = a
mσk , (5.7)
and choosing:
m =
Aa−H
2H
, (5.8)
to get rid of the damping term, we get:
u′′k +
[
−1
2
mH
fRR
fR
R′ −ma
′′
a
+ a2B
]
uk = 0 . (5.9)
5.4 The Case of f (R) = Rn
So far, we have generally considered f(R) theories in flat geometries. Proceeding
further requires the choice of a model. For the sake of simplicity, we take f(R) to
be a power law of the Ricci scalar; i.e. f(R) = Rn. This is, indeed, the simplest
extension to general relativity in the f(R) class of gravity theories [93, 94]; and
reduces to GR when n = 1.
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5.4.1 The Evolution of Perturbations in Rn Gravity
Substituting for f(R) in equation (5.2) gives:
piRk = −
k
a2
(
n− 1
ρ
)
R′
R
σk . (5.10)
In addition, combining the conformal time equivalent of equation (4.17):
R = 6
a′′
a3
, (5.11)
with the Friedmann equations for flat models with no cosmological constant,
expressed in conformal time:
H2 =
1
3
ρa2 , (5.12a)
H′ = −a
2
6
(ρ+ 3p) , (5.12b)
we get the Ricci scalar in terms of the total density and pressure:
R = ρ− 3p . (5.13)
As a side note, it can be seen from the last equation that radiation, having
equation of state of ωγ =
1
3
, does not contribute to the Ricci scalar:
ργ − 3pγ = 0 . (5.14)
So the curvature fluid is the only source of curvature in the radiation dominated
era. At later times, for a fluid composed only of dust and radiation, and keeping
in mind that dust is pressure-less, i.e. ωdust = 0, equation (5.13) becomes:
ρdust = fR[R− (ρR − 3pR)] , (5.15)
providing a relation between the dust density and geometry.
Now, remembering equation (2.34), we have:
R = ρ(1− 3ω) , (5.16)
and thus:
R′ = ρ′ − 3ω′ρ− 3ωρ′ . (5.17)
47
5. CMB Tensor Anisotropies in f(R) Gravity
Using the conformal time version of the total energy conservation equation (2.33),
we get:
R
R′
=
[
−3
(
H(1 + ω) +
ω′
1− 3ω
)]−1
. (5.18)
Substituting into (5.10), the evolution of the curvature anisotropy is now:
piRk =
[
3
(
H(1 + ω) +
ω′
1− 3ω
)]−1
k
a2
(
n− 1
ρ
)
σk . (5.19)
For the last equation to be useful, one needs an expression for the effective
EoS parameter of the fluid in terms of the conformal time η or a function of time
such as a(η). The effective EoS parameter of a fluid containing different species
i is:
ωeff =
ptot
ρtot
(5.20)
=
∑
i
ωiρi∑
i
ρi
(5.21)
=
∑
i
ωiρi,0a
−3(1+ωi)
∑
i
ρi,0a
−3(1+ωi)
(5.22)
=
∑
i
ωiΩi,0a
−3(1+ωi)
∑
i
Ωi,0a
−3(1+ωi)
. (5.23)
where equations (2.35) and (2.36) have been used to obtain these relations. Ωi,0
denotes the present density parameter of energy species i.
The expansion in equation (5.21) can be performed only if the densities of the
different species are not interacting (even though the fluids themselves might be).
Take for example the total density in f(R) gravity (Eq. 4.13a). The standard
matter density interacts with the curvature fluid through the term 1/fR. In such
cases, the EoS parameter is obtained directly at the level of equation (5.20).
Moreover, the expression in equation (5.22) is only valid for conserved species.
Although the RHS of f(R) field equations (4.2) is conserved (because the Einstein
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tensor is divergence free) and the standard matter EMT is also conserved, TRab
does not have to be [79]. In principle, the total EMT in (4.2) can be written as
the sum of two conserved quantities:
T totab = T
m
ab + T
RC
ab , (5.24)
with:
TRCab ≡ Tmab
(
1
fR
− 1
)
+ TRab . (5.25)
So, if one insists on writing ωeff in the forms (5.22) and (5.23), the total density
(Eq. 4.13a) can be rewritten as:
ρtot = ρm + ρRC , (5.26)
where
ρRC ≡ ρm
(
1
fR
− 1
)
+ ρR . (5.27)
Needless to say that the corresponding ωRC and ΩRC,0 have to be determined.
5.4.2 The Initial Conditions of Perturbations in Rn Grav-
ity
In the case of f(R) = Rn, the evolution of the scale factor, in the presence of
a single fluid with standard matter EoS of the form (2.34) and ω = const, with
respect to the cosmic time has been shown to be [95, 79]:
a(t) = t
2n
3(1+ω) , (5.28)
or, in terms of the conformal time:
a(η) = η−
1+ε
ε , (5.29)
where ε ≡ 2n
3(1+ω)
− 1. Using equations (5.11) and (5.29) to substitute for the
Ricci scalar and the Hubble parameter in the right hand side of (5.8), we get a
more convenient expression for the parameter m:
m = 1 +
1− n
1 + ε
, (5.30)
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and subsequently for the equation of motion (5.9):
u′′k +
[
k2 +m
(
ε+ 1
ε2
)
(n− 2) η−2
]
uk = 0 . (5.31)
The last equation is equivalent to:
u′′k +
[
k2 − (a
−m)′′
a−m
]
uk = 0 . (5.32)
The initial conditions are set up deep in the radiation dominated era, so ω = 1
3
.
It is worth mentioning that, in this case, equation (5.29) has a mathematical
singularity at ε = 0 corresponding to n = 2 ∗∗. The R2 term in the gravitational
Lagrangian has predictable cosmological consequences as the resulting theory is
conformally equivalent to GR plus a scalar field [19, 96].
For all other values of n 6= 2, substituting for m and ε corresponding to ω = 1
3
in equation (5.31) leads to:
u′′k +
[
k2 − 2η−2]uk = 0 . (5.33)
This is the same as the result in [30] for tensor perturbations in GR. The fact
that the initial conditions of perturbations in f(R) = Rn gravity are the same as
in GR is a surprising result at first. But if one remembers the condition (5.14)
and that we took the curvature parameter K = 0, the GR initial conditions are
actually expected.
5.5 Numerical Simulations
5.5.1 CAMB
We now have the necessary components to begin discussing how to numerically
compute the contribution of tensor perturbations to anisotropies in the CMB.
For that we use the code for anisotropies in the microwave background (CAMB)
described in [30, 97, 98].
∗∗For every Rn model with 32 ≤ n ≤ 2, equation (5.29) is ill-posed at some point in the
transition from the radiation dominated era to the matter dominated era.
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One way was to use a modified version of CAMB described in [99]. It im-
plements a Parametrized Post-Friedmann (PPF) prescription for the dark energy
perturbations [100, 101] allowing it to take in a time dependent EoS through an
input file containing values of ω(a) vs. a(t). This package provides a way to
“trick” CAMB into taking background files externally generated for Rn gravity
with no cosmological constant and use them as dark energy contribution. How-
ever, the curvature fluid does not necessarily evolve in the same way as dark
energy and therefore, the implementation is not adequate for our purpose.
The original CAMB package supports smooth dark energy models with con-
stant equation of state. The idea is to set the density of dark energy to zero and
consider a universe containing only dust, radiation, and the curvature fluid.
5.5.2 Rn Modifications to CAMB
The f(R) background is implemented by feeding CAMB a fitting function of dη
da
obtained from the numerical solution of Eq. (4.18). We have proved in subsection
5.4.2 that the initial conditions are the same as GR for values of n 6= 2. Thus
CAMB is left unchanged at this level. The remaining part is to modify the tensor
perturbation evolution sub-module according to equations (4.13d) and (5.19) ††.
Numerical values for ωeff (a) vs. the scale factor a(t) were obtained from a
previous work [102]. A fitting function of ω(a) = Polynomial(a) allowed easy
calculation of ω and dω
dη
= dω
da
a′ within CAMB. The goodness of the fit to a quartic
polynomial was around 10−4. However, the fact that there is a background file
for each value of n imposed minor, but individual, modifications in the two lines
of code concerning ω and dω/dη.
The results of the code executions are presented and discussed in the following
chapter.
††see Appendix C.
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CAMB Runs for a GR Background
We start by considering modifications to CAMB where we keep the background
the same as general relativity. This allows us to directly compare the influence of
the first order modified evolution equations. Figures 6.1 and 6.2 respectively show
the TT and EE power spectra for f(R) = Rn, n = 1, 1.1, 1.2, 1.24, and 1.28.
For comparison, the power spectrum for ΛCDM is also plotted. It was obtained
by running CAMB on the same background but with the original GR evolution
equations. The density parameters are taken to be Ωb = 0.05, ΩCDM = 0.25, and
ΩΛ = 0.70.
A few conclusions can be inferred directly from the power spectra. We start
by mentioning that the curve for ΛCDM and for Rn = R are identical. Also, one
notices that the features of the power spectra are shifted more and more towards
small scales with increasing power of R. The departure from GR increases with
increasing power of R as expected from the term n−1 in the numerator of the RHS
of equation (5.10). It is clear from equation (5.2) that the curvature anisotropic
stress varies with the wavenumber k. Therefore, the total perturbations in f(R),
unlike GR, are scale dependent. The power difference between the spectra for
different values of n becomes larger after multipole ≈ 160. Finally, the power
decreases with increasing values of n except for the interval 60 . l . 160 in the
TT power spectra and 140 . l . 200 in the EE power spectra where the opposite
happens [103].
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Figure 6.1: The temperature power spectra for tensor perturbations in f(R) = Rn gravity. The background is GR
FLRW. The Hubble constant is chosen to be H0 = 70 km s
−1Mpc−1. No secondary anisotropies or reionisation effects
were considered. The plotted values of n are 1, 1.1, 1.2, 1.24, and 1.28.
Figure 6.2: The E-mode polarisation power spectra for the same parameters presented in Figure 6.1.
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The Rn Background Solutions
Introducing the corresponding Rn background for each of the considered values of
n requires the solutions of equation (4.18). Figure 6.3 shows the evolution of the
scale factor for n = {1.1, 1.2, 1.24, 1.28} compared to its evolution in ΛCDM.
Figure 6.3: The evolution of the scale factor in f(R) = Rn gravity for n = {1, 1.1, 1.2, 1.24, 1.28}. A cosmological
constant contribution was only considered in the ΛCDM case. The Hubble constant is chosen to be H0 = 70 km s
−1Mpc−1.
Assuming that the radiation density is negligible in the present and the uni-
verse is filled with dust only, one can see that the cosmic time is not usually unity
when the scale factor is unity, as it would expected from to equation (5.28). This
is not surprising when one recalls that this relation is valid only in the presence
of one fluid; but instead there are two, dust and the curvature fluid.
CAMB Limitations
Although CAMB is a useful package for GR, it is inadequate for solving fourth, or
higher, order differential equations despite the community’s considerable efforts
to acquaint it to higher order modified theories of gravity. In the context of
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f(R) gravity for example, if the polynomial fitting functions of ω(a) were not to
be used, one would have to deal with up to fifth derivatives of the scale factor;
the implementation of which would possibly require massive modifications to the
code.
The most considerable problem is the incompatibility of externally solved
background evolution with CAMB. The modification of the background evolution
module from GR to Rn turned out to be difficult. For example, direct assignment
of a function of the scale factor to the (a′)−1 variable does not work.
Future Work
The work currently in progress, [104], aims to implement the Rn background
properly within CAMB. Power spectra will then be obtained with the adequate
background evolution and only then provide a complete picture of CMB tensor
anisotropies in Rn gravity. But the limitations stated in the previous section call
for a specialised Rn code.
In addition to tensor perturbations, scalar perturbations need to be considered
as well for a more complete description of CMB anisotropies in Rn gravity. This
work can also be extended further on many other levels such generalising it to
non-zero curvatures, including a study of CMB polarisation, and/or considering
other f(R) models.
Summary
Solving for the CMB tensor anisotropies in f(R) gravity consisted of three parts.
First we derived the initial conditions for tensor perturbations in f(R) theories
and then in the more special case of Rn gravity. In the latter, the initial conditions
were found to be similar to those of GR for all values of n 6= 2 which was
unexpected since GR and Rn gravity have different backgrounds. Next we derived
the equations for the evolution of the tensor mode perturbations in f(R) gravity
and then more specifically in Rn gravity. In particular, the contribution of the
curvature anisotropic stress to the shear was established. Finally, we worked
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out the equation for the evolution of the scale factor in Rn gravity and obtained
numerical solutions.
In parallel, we modified the evolution equations in CAMB accordingly while
keeping the original initial conditions i.e. the ones for GR. The Rn background
evolution is yet to be implemented within CAMB and only the GR background
has been used so far. Equations (3.94), (4.18), (5.2), (5.19), and (5.33) together
with figures 6.1, 6.2 and 6.3 are the main results of this work.
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Appendix A
The Propagation Equations
A.1 The Ricci Propagation Equations
Equation (2.9) states a relation between the second derivative of a vector and the
Riemann tensor of the underlying geometry. Contracted with uc, it becomes:
(ua;d)˙− ua;cduc = Rabcdubuc ,
⇐⇒ (ua;d)˙− u˙a;d + ua;cuc;d = Rabcdubuc .
Projecting leads to the Ricci propagation equations for the spatial derivative
of the velocity vector:
ha
chb
d(∇˜duc)˙− u˙au˙b − hachbdu˙c;d + ∇˜cua∇˜buc = Ramnbumun . (A.1)
Expanding and making use of the Einstein field equations (2.22), the trace and
trace free decomposition of the Riemann tensor (3.53), the velocity decomposition
equation (3.48) and equation (3.57) for the EMT, one gets to:
0 = ha
chb
d(σ˙cd + ω˙cd) +
1
3
hab
(
Θ˙ +
1
3
Θ2
)
+
2
3
Θ(σab + ωab) + σacσ
c
b + ωacω
c
b
+ ωacσ
c
b + σacω
c
b − u˙au˙b − hachbdu˙c;d + Eab −
1
3
Λhab +
1
6
hab(ρ+ 3p)− 1
2
piab .
(A.2)
To get a set of usable formulae, the last equation is decomposed into its trace,
symmetric trace free, and antisymmetric parts.
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A.1.1 The Trace of the Ricci Propagation Equations
Taking the trace of the previous equation leads to:
Θ˙ = −1
3
Θ2 − 2 (σ2 − ω2)+ Λ− 1
2
(ρ+ 3p) + u˙a;a , (A.3)
where σ2 ≡ 1
2
σabσ
ab and ω2 ≡ 1
2
ωabω
ab are the magnitudes of σab and ωab, respec-
tively. This is the Raychaudhuri equation [105]. It describes the evolution of the
world lines in each point of spacetime due to its energy content and kinematic
setup. Positive standard matter density, non-zero shear, and positive expansion
scalar tend to draw the world lines closer (collapse) while a positive cosmological
constant, non-zero vorticity, and a positive acceleration divergence pulls the world
lines apart (expansion). This becomes more obvious after substituting Θ = 3 a˙
a
into the Raychaudhuri equation:
3
a¨
a
= −2 (σ2 − ω2)+ Λ− 1
2
(ρ+ 3p) + u˙a;a .
In an FLRW universe, the effect of the shear balances that of the vorticity
and the velocity divergence combined:
u˙d;d + 2ω
2 = 2σ2 ,
where we have used the acceleration Friedmann equation (2.32b) to get the last
relation.
The Raychaudhuri equation is a general description of gravitational collapse
(or expansion). Take for example the case of a static (σ2 = ω2 = Θ = Θ˙ = 0)
relativistic star. Assuming a vanishing cosmological constant, equation (A.3)
becomes:
u˙a;a =
1
2
(ρ+ 3p) ,
which is indeed the condition for hydrostatic equilibrium. The very pressure
keeping the star from collapsing contributes to the forces tending to collapse it
[71].
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A.1.2 The Symmetric Trace Free Ricci Propagation Equa-
tions
If we define a new rank two tensor tab being the RHS of equation (A.2), then
tab = 0. The symmetric part of the Ricci propagation equations is isolated via:
t(ab) =
1
2
(tab + tba) .
After some calculation, we get:
t(ab) = 0 = ha
chb
dσ˙cd +
1
3
hab
[
u˙a;a − 2
(
σ2 − ω2)]+ 2
3
Θσab + σacσ
c
b + ωacω
c
b
− u˙au˙b − hachbdu˙(c;d) + Eab − 1
2
piab , (A.4)
where the Raychaudhuri equation has been used to substitute for the Θ˙ + 1
3
Θ2
term.
The symmetric trace free part can now be obtained by subtracting the trace:
t〈ab〉 = t(ab) − 1
3
habt
a
a .
taa is nothing but the terms in the Raychaudhuri equation (A.3). Then:
t〈ab〉 = 0 = hachbdσ˙cd +
2
3
Θσab + σacσ
c
b + ωacω
c
b
− u˙au˙b − hachbdu˙(c;d) + Eab − 1
2
piab . (A.5)
A.1.3 The Anti-Symmetric Trace Free Ricci Propagation
Equations
Similarly, the antisymmetric part is isolated by:
t[ab] =
1
2
(tab − tba) .
One gets:
t[ab] = 0 = ha
chb
dω˙cd +
2
3
Θωab + σacω
c
b + ωacσ
c
b − hachbdu˙[c;d] (A.6)
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The Time Evolution of the Vorticity Vector
Multiplying the previous equation by εkab gives:
εkcdω˙cd − εkcdu˙[c;d] + 2
3
εkabΘωab + ε
kabσacω
c
b + ε
kabσcbωac = 0 ,
⇐⇒ 2ω˙k − εkcdu˙[c;d] + 4
3
Θωk + εkabσacω
c
b + ε
kabσcbωac = 0 ,
⇐⇒ ω˙k − 1
2
εkcdu˙[c;d] +
2
3
Θωk + εkabσacω
c
b = 0 . (A.7)
A.2 Contracted Second Bianchi Equations for a
Perfect Fluid
The Bianchi identities, Rab[cd; e] = 0, imply [71, 74]:
Cabdc;d = R
c[a;b] − 1
6
gc[aR;b] (A.8a)
⇐⇒ Cabdc;d = T c[a;b] −
1
3
gc[aT ;b] (A.8b)
The move from (A.8a) the first to (A.8b) involved the use of the field equations.
Substituting (3.56) into (A.8b) then performing different time and space projec-
tions on different indices leads to the contracted second Bianchi equations.
The Time Evolution of the Electric Weyl Tensor
Keeping in mind that ηabpqηcdrs = 4!δ
a
[cδ
b
dδ
p
rδ
q
s] [72], multiplying equation (A.8b)
by ua and projecting with h
m
bh
n
c leads to, after some long but straight forward
algebra:
hmbh
n
cE˙
bc − hmbndsHbs;d + ΘEmn + ωrdhncηcdrsHms − 2u˙puaH (mq ηn)apq
+hmnσpdE
pd − 3σ (mp En)p − ω(mpEn)p = −
1
2
σmn (ρ+ p) . (A.9)
The Divergence of the Electric Weyl Tensor
Projecting equation (A.8b) with htmh
m
a hbc gives:
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htfh
q
eE
ef
;q + u˙eE
et + 2ωsH ts − tbqσbdHdq =
1
3
htaρ
;a . (A.10)
The Time Evolution of the Magnetic Weyl Tensor
Multiplying equation (A.8b) by 1
2
hmphncpab leads to:
hmph
n
qH˙
pq − hp(mn)abEpb;a − 2AqE (ma n)qa + ΘHmn + hmnσpqHpq
−3Hp(mσn)p +Hp(mωn)p = 0 . (A.11)
The Divergence of the Magnetic Weyl Tensor
Multiplying equation (A.8b) by 1
2
hmpucpab gives:
hmph
n
qH
pq
;n − mpqσpaEaq + 3Emnωn = −(ρ+ p)ωm .
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Appendix B
The f (R) Field Equations in the
Metric Formalism
B.1 The f (R) Field Equations
Considering the gravitational Lagrangian:
L = f(R) = f and defining fR ≡ δf
δR
,
the action is then:
S =
∫
R
f
√−gd4x .
Variation of the gravitational action with respect to the metric gives:
δS =
∫
R
δ
(
f
√−g) d4x
=
∫
R
(
fδ
√−g + δf√−g) d4x
=
∫
R
(
−1
2
√−ggabδgabf + fRδR
√−g
)
d4x
=
∫
R
[
−1
2
fgabδg
ab + fR (Rab + gab−∇a∇b) δgab
]√−gd4x (Proof : § B.2.1)
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=
∫
R
−1
2
fgabδg
ab
√−gd4x
+
∫
R
gabδgabfR
√−gd4x
−
∫
R
∇a∇bδgabfR
√−gd4x
+
∫
R
Rabδg
abfR
√−gd4x
=
∫
R
−1
2
fgabδg
ab
√−gd4x
+
∫
R
gabδg
abfR
√−gd4x+
∫
R
∇dMd
√−gd4x (Proof : § B.2.2)
−
∫
R
δgab∇a∇bfR
√−gd4x−
∫
R
∇dNd
√−gd4x (Proof : § B.2.3)
+
∫
R
Rabδg
abfR
√−gd4x
=
∫
R
−1
2
fgabδg
ab
√−gd4x
+
∫
R
gabδg
abfR
√−gd4x+
∫
∂R
ndMd
√
hd3y
−
∫
R
δgab∇a∇bfR
√−gd4x−
∫
∂R
ndN
d
√
hd3y
+
∫
R
Rabδg
abfR
√−gd4x
=
∫
R
[
−1
2
gabf + (Rab + gab−∇a∇b) fR
]
δgab
√−gd4x
+
∫
∂R
ndMd
√
hd3y −
∫
∂R
ndN
d
√
hd3y .
(B.1)
Adding the matter term and assuming that the surface term vanishes, δS
becomes:
δS =
1
2
∫
R
[
−1
2
gabf + (Rab + gab−∇a∇b) fR
]
δgab
√−gd4x+
∫
R
δLm
√−gd4x ,
where Lm is the Lagrangian associated with the matter field:
δLm = −
√−g
2
δgabTab ,
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with Tab being the energy-momentum tensor.
Requiring the stationary action condition δS = 0, we get:∫
R
[
−1
2
gabf + (Rab + gab−∇a∇b) fR − Tab
]
δgab
√−gd4x = 0 ,
which means that, for an arbitrary variation δgab, the integrand vanishes:
−1
2
gabf + (Rab + gab−∇a∇b) fR − Tab = 0 ,
which is equivalent to:
fRRab − 1
2
gabf − (∇a∇b − gab) fR = Tab .
After a simple rearrangement of the terms, one gets the field equations in the
metric formalism of f(R) gravity:
G
(eff)
ab = T
(eff)
ab , (B.2)
where
G
(eff)
ab ≡ fRGab = fR
(
Rab − 1
2
gabR
)
,
and
T
(eff)
ab ≡ Tab +
[
1
2
gabf + (∇a∇b − gab) fR − 1
2
fRgabR
]
.
[32, 82, 84, 106].
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B.2 Proofs for Intermediate Steps
B.2.1 δR = Rabδg
ab + gabδgab −∇a∇bδgab
We start from the definition of the Riemann tensor:
Rcaeb ≡ ∂eΓcab − ∂bΓcae + ΓfabΓcfe − ΓfaeΓcfb .
In a local inertial frame, the affine connection vanishes. The previous equation
becomes:
Rcaeb = ∂eΓ
c
ab − ∂bΓcae .
For a variation in the connection, Γcab → Γcab+δΓcab, the variation of the Riemann
tensor is:
δRcaeb = ∂e(δΓ
c
ab)− ∂b(δΓcae) .
But since δΓcab is a tensor, the partial derivative can generalised into the covariant
derivative:
δRcaeb = ∇e(δΓcab)−∇b(δΓcae) .
This is the Palatini equation. Contracting on c and e gives:
δRab = ∇c(δΓcab)−∇b(δΓcac)
Now:
δR = δ(gabRab) ,
= Rabδg
ab + gabδRab ,
= Rabδg
ab + gab [∇c(δΓcab)−∇b(δΓcac)] ,
= Rabδg
ab +∇c
[
gabδΓcab − gacδΓeae
]
,
= Rabδg
ab +∇c
[
gpq∇c (δgpq)−∇d
(
δgdc
)]
, (Proof : § B.2.1.1)
= Rabδg
ab + gabδgab −∇a∇bδgab . QED
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B.2.1.1 gabδΓcab − gacδΓeae = gpq∇c (δgpq)−∇d
(
δgdc
)
We have:
δΓcab =δ
[
1
2
gce(gae,b + gbe,a − gab,e)
]
,
=
1
2
δgce(gae,b + gbe,a − gab,e) + 1
2
gce [(δgae),b + (δgbe),a − (δgab),e] ,
=
1
2
δgce(gae,b + gbe,a − gab,e)
+
1
2
gce
[
∇aδgeb + Γfaeδgfb + Γfabδgfe
+∇bδgae + Γfabδgfe + Γfbeδgfa
−∇eδgab − Γfaeδgfb − Γfebδgfa
]
,
=
1
2
δgce(gae,b + gbe,a − gab,e) + 1
2
gce
[
∇aδgeb +∇bδgae +∇eδgab
]
+ gceδgfeΓ
f
ab ,
=
1
2
δgce(gae,b + gbe,a − gab,e) + 1
2
gce
[
∇aδgeb +∇bδgae −∇eδgab
]
− gcegfpgeqδgpqΓfab ,
=
1
2
gce
[
∇aδgeb +∇bδgae −∇eδgab
]
,
=
1
2
gce [∇a (−gpbgeqδgpq) +∇b (−gpegqaδgpq)−∇e (−gpagqbδgpq)] ,
=− 1
2
[
gpbδ
c
q∇a (δgpq) + δcpgqa∇b (δgpq)− gpagqb∇c (δgpq)
]
,
=− 1
2
[gpb∇a (δgpc) + gqa∇b (δgcq)− gpagqb∇c (δgpq)] .
Contracting on c and b gives:
δΓeae = −
1
2
gpq∇a (δgpq) .
Then:
gabδΓcab − gacδΓeae =−
1
2
[
gabgpb∇a (δgpc) + gabgqa∇b (δgcq)
− gabgpagqb∇c (δgpq)− gacgpq∇a (δgpq)
]
,
=gpq∇c (δgpq)−∇d
(
δgdc
)
. QED
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B.2.2 gabfRδgab = gabδgabfR +∇cMc
fRδgab = fR∇c∇cδgab ,
= ∇c [fR∇cδgab]−∇cfR∇cδgab ,
= ∇c [fR∇cδgab]−∇cfR∇cδgab ,
= ∇c [fR∇cδgab]−∇c [δgab∇cfR]+ δgab∇c∇cfR ,
= δgabfR +∇c
[
fR∇cδgab − δgab∇cfR
]
.
Then
gabfRδgab = gabδgabfR +∇cMc ,
where Mc ≡ gabfR∇cδgab − gabδgab∇cfR . QED
B.2.3 fR∇a∇bδgab = δgab∇a∇bfR +∇aNa
fR∇a∇bδgab = ∇a
[
fR∇bδgab
]−∇afR∇bδgab ,
= ∇a
[
fR∇bδgab
]−∇b [δgab∇afR]+ δgab∇a∇bfR ,
= δgab∇a∇bfR +∇a
[
fR∇bδgab − δgab∇bfR
]
,
= δgab∇a∇bfR +∇aNa ,
where Na ≡ fR∇bδgab − δgab∇bfR . QED
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Appendix C
Rn Modifications to CAMB
Here, I will talk mainly about the changes made to the equations.f90 CAMB
fortran file. Other modifications were made to adjust CAMB into taking new
parameters such as the power of the Ricci scalar n.
C.1 Background
CAMB calculates the background by integrating the contribution of curvature,
dust, radiation, massless neutrinos, and if applicable, Λ contribution and massive
neutrinos:
grhoa2=grhok*a2+(grhoc+grhob)*a+grhog+grhornomass
if (w_lam == -1._dl) then
grhoa2=grhoa2+grhov*a2**2
else
grhoa2=grhoa2+grhov*a**(1-3*w_lam)
end if
if (CP%Num_Nu_massive /= 0) then
!Get massive neutrino density relative to massless
do nu_i = 1, CP%nu_mass_eigenstates
call Nu_rho(a*nu_masses(nu_i),rhonu)
grhoa2=grhoa2+rhonu*grhormass(nu_i)
end do
end if
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dtauda=sqrt(3/grhoa2)
then return dtauda ≡ 1/a′.
C.2 Initial Conditions
In 5.4.2, we have proved that the initial conditions are the same as for GR. So,
we left this part unchanged.
C.3 Evolution
In the tensor perturbations routine, we added theRn contribution to the anisotropic
stress according to equations (4.13d) and (5.19). Right after the part of the code
where CAMB calculates the anisotropic stress for the case of GR, the following
lines were added ‡‡:
1. omegaeff = 0.0415379 - 0.709044*a + 0.880719*a2
- 0.599369*a*a2 + 0.173093*a2*a2
2. omegaeffdot = (- 0.709044 + 2.0*0.880719*a - 3.0*0.599369*a2
+ 4.0*0.173093*a*a2)/dtauda(a)
3. Ricci_Scalar = (1-3*omegaeff)*8*pi
4. Ricci_Scalar_dot = -3*(adotoa*(1+omegaeff)*(1-3*omegaeff)
- omegaeffdot)*8*pi
5. fR_curvature_anisotropy =
shear*(1-power_of_R)*k*Ricci_Scalar_dot/(Ricci_Scalar)
6. rhopi = rhopi/(power_of_R*Ricci_Scalar**(power_of_R-1))
+ fR_curvature_anisotropy
The first and second lines introduce the fitting function of ω(a) = Polynomial(a)
and its derivative. The third and fourth lines calculate R and R′. The fifth cal-
culates piRk , and finally, the last line is nothing but the fortran implementation of
Eq. (5.10) or equivalently Eq. (5.19). The ρa2 term in the denominator of these
equations is absorbed into “rhopi” in the code.
‡‡The assignments for “omegaeff” and “omegaeffdot” are the fitting functions for n = 1.28.
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